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Ligand trapping in epithelial layers and cell cultures
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Abstract

We analyze a stochastic model that describes receptor-mediated ligand trapping in epithelial layers and cell culture
assays. In both cases, the problem is reduced to diffusion of a Brownian particle between the partially absorbing and
reflective surfaces. We derive an analytical expression for the spatial distribution of the trapping points and identify
the domains of applicability of the two limiting regimes. We conclude that a thin layer approximation is applicable
for ligand trapping in epithelial layers while a typical cell culture experiment is appropriately described within an
infinite layer approximation.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction mediated processes that can control the spatial
range of diffusible signal§5—7]. Here, we analyze
A large fraction of cell communication in tissues a stochastic model that describes receptor-mediated

is mediated by secreted chemical signfl$. A ligand trapping in two different experimental set-
secreted signal can be a small molecule, such asups: an epithelial layer and a cell culture assay.
nitric oxide, or a peptide growth factor with several In epithelial layers, the cells are tightly adhering

hundred aminoacids. In cell communication medi- to each other and secreted ligands diffuse in the
ated by secreted growth factors, the cell can both extracellular space between the epithelium and an
frequently secrete the signal and bind it using a adjacent surface. One of the simplest scenarios has
cognate cell surface receptf2,3]. Many aspects  been identified inDrosophila egg development,
of cell and tissue physiology depend on the spatial where ligands of the EGF receptor diffuse in a
range of secreted moleculdd]. Recent experi-  thin gap between the follicular epithelium and the
ments have identified a large number of receptor- surface of the oocyt€8,9]. Receptors are uniform-
- ly distributed on the surface of the follicle cells
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function of the rate constamtthat depends on the expression level, the cell surface area and the
level of receptor expressioiR,,), the cell surface  binding rate constant;., is the cell radiuso is
area(A) and the binding rate constat®,,): k= the fraction of the cell-covered boundary occupied
Rkon/A. In developing epithelial layers, cell sur- by the cells, andD is the diffusion constant of a
face receptors play two roles: they both transduce secreted ligand.
and localize the secreted ligands. The latter process Thus, to characterize the ligand trapping in
has been termed ‘ligand trappinftQ]. epithelial layers and in cell culture assays, one has
In a typical cell culture assay, cells are randomly to analyze the problem of ligand diffusion between
distributed on a substrate which is covered by a the surfaces with the partially absorbing and
layer of liquid medium. The cells can both secrete reflecting boundary conditions. Here, we derive an
diffusing ligands and capture them by cognate expression for the distribution function of the
receptors. Thus, a ligand is diffusing in a layer trapping points in this problem and show how the
between two boundaries, the upper boundary is distribution depends on the surface reaction rate
reflecting and the lower boundary is a reflecting constants, the ligand diffusivity and the height of
plane randomly covered by non-overlapping par- the medium. Our general results are in the form
tially absorbing circular traps, which model the of the infinite series expansions. We identify the
cells. A ligand secreted by a cell in a cell culture domains of the applicability for the two limiting
assay can be captured by the ‘parent’ cell or one regimes, the thin-layer and the infinite layer
of its neighbors[11,13. Analysis of the fraction  approximations, where the general expressions sig-
of the ligand recaptured by the ligand-producing nificantly simplify.
cell has been presented elsewh§t8,14. Here,
we focus on the ligands that escape. The spatial
range of trapping of these ligands is important in
several applications. For example, a large number . ] o .
of experiments indicate that a radiation bystander ~Consider a ligand diffusing in a layer of thick-
effect (i.e. the ability of the radiation to affect the Nhessh between two planar boundaries located at
cells that were not in direct contact with radiation z=0 andz=h. The upper boundary at=nh is
is mediated by secreted chemical factft5—17. reflecting, while the lower boundary at=0 is
Analysis of the spatial extent of this effect requires Partially absorbing. The ligand starts from the
the analysis of ligand trapping in cell culture origin and eventually is trapped somewhere on the
assays. lower boundary. We wish to determine the proba-
Brownian dynamics simulations show that, over bility density of the trapping points,(r), wherer
a wide range of the parameter values, the averageis the distance from the origin to the trapping
trapping distance greatly exceeds both the cell size point. By definition of the probability density,
and the average distance between the neighboringy,(r)dr is the probability for the ligand to be
cells on the surfacgl4]. This implies that one can trapped in a ring betweenand r+dr. Having in
(1) replace the inhomogeneous boundary condition hand the result fop,(r) and the number of ligands
on the cell-covered boundary by a homogeneous released at different points one can easily calculat-
one with an effective trapping rate af® assume  ed the number of ligands trapped at any point of
that all trajectories start from the same point, i.e. the partially absorbing boundary.
neglect their initial distribution over the surface of  To find p,(r) one has to solve the diffusion
the signal-producing cell. The effective trapping equation in the layer with reflecting and partially

2. Theory

rate constant is given by: absorbing(radiation boundary conditions at=h
andz=0, respectively. The solution is used to find
K =Keen0 /(14 K caif cen/ 4D), the distribution of the trapping points for trajecto-

ries trapped betweenand r+dr. Integrating this
wherek, characterizes the trapping efficiency of distribution with respect to time with the weight
the cell surface and is a function of the receptor factor given by the probability to be trapped
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Fig. 1. (A) Ligand trapping in epithelial layers. A typical
height of the layer for ligand diffusion is-1 wm. (B) Ligand
trapping in a cell culture assay. A typical height of the layer is
>1 mm. (C) Both experimental set-ups lead to the problem

where a Brownian particle is diffusing between the surfaces D

with the partially absorbing and reflective boundary conditions.

betweerr andz+ dr one finds the desirable density
pu(r) (Fig. 1).

Diffusion in the lateral and; directions occur
independently. As a consequence, the ligand prop-
agator (or the Green'’s functionis a product of
the corresponding propagators: the lateral propa-
gator, which is the free propagator in two dimen-
sions,G,4(r, 1) =(4wDt)~* exp( —r2/4Dt), where
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D is the ligand diffusion constant, and the propa-
gator g(z, 1), which is discussed in Appendix A.
The probability density for the ligand lifetime,
e,(1), is given by ¢, (1) =kg(0, ). By definition,
¢,(1)dt is the probability that the ligand is trapped
between ¢ and tr+dr. For trajectories trapped
betweenr andz+dr the trapping point density is

27rGoo( t)—Lexp{—r—z] (D
2 U op, 4Dt
Using this density we can write,(r) as
pun =27 [ " Gadnei ek
0
— r < r2 ()Dh(t)
“wledm) e @

In what follows we substitute an expression for
¢,(¢) derived in Appendix A into Eg.(2) and
carry out the integration with respect to time.

One can findg,(s) by solving a 1D problem of
a particle diffusing in an interval of length with
reflecting and partially absorbing end poir(tsee
Appendix A for detail3:

—kZ2Dr)
(3

oo k2
t) =2D? Z ex
eu(0) KnngK +h(k2+D%?) R

wherek is the rate constant that characterizes the
trapping efficiency of the partially absorbing
boundary. The eigenvalués are positive roots of
the equation:

—k,=ctg(k,h), n=1, 2,... 4
K

Substituting ¢,() in Eg. (3) into Eq. (2) and
carrying out the integration one finds

pn(r)=2Dxr i K Ko(k,r) (5)

~ Dk +h(k2+D%2)

where K,(z) is a modified Bessel function of the
second kind[18].
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The expression in Eg(5) is one of the main
results of this communication. Now we use it to °
analyze the dependence of the trapping point A 0.01
density on the layer thickness, Whenh <D /k, '
pi(r) in Eq. (5) simplifies and reduces to o

Ty
-
-
-

Pn= 1 0[ &r} (6) 3 %

This ‘thin layer asymptotic behavior gf,(r) has

a simple interpretation. Wherk—0 the local
density along the-coordinate rapidly equilibrates.
As a result, the problem reduces to one of a 2D
diffusion with uniform trapping that is character-
ized by the rate constar{/A. Solving this problem
one arrives atp,(r) in Eq. (6). As h—0 the
effective rate constant/h tends to infinity, and

the ligand is instantly trapped at the starting point,
ie.

Dix P, (1)

kr/D

Fig. 2. Probability density function for the trapping distances
evaluated at several values of dimensionless paramefé.
: The legend shows the curves corresponding to the different
lim p,(r)=3(r) (7 g ponding
ho0 parameter values.

At finite values of i, p,(r) is a bell-shaped N ozl (M 2
function: initially it grows with r from 0 to a (r >;1—jor 'p,(r)dr=2"+ F[2+1] Dk
maximum value and then decreases and tends to 0 w 1

as r—> . In the limiting case of unbounded Z - 21 D2 9
diffusion in semi-infinite space — o, p.. () is a Lk [ D+ h(<®+ D% |
monotonically decreasing function ef Here the

sum in Eq.(5) can be replaced by the integral,
andp,(r) takes the form

To derive this expression we have used the relation
in item 11.4.22 from Ref[18]. One can check
that, ash—0, (+™), tends to 0 ash™? The

2 x? dependence of the average trapping distagcg,
p(r)= D)o 12 +(Kr/D)2K0(x)dx (®) on the layer thickness is shown in Fig. 3.
Another useful characteristic of the range of
In Fig. 2 we show, (r) for several values of. signaling is the fraction of trajectories, which are
This figure illustrates variation of the densjiy(r) trapped at distances larger thanWe denote this

due to the change in the layer thickness. We find fraction by £,(r)
that the expressions in Eq€6) and (8) are
applicable for h/D<0.03 and hk/D>1,

respectively. F,(r)= J pu(r)dr’ —J' exp[ Jcph(t)dt
Function p..(r) very slowly approaches 0 as

r— . Its larger asymptotic behavior is given by —2DKrZ Ki(k,r) (10

p.(r)=D/(kr?), r— ~. As a consequence, all

' Dk +h(k 2+D2k2)
moments ofp,(r) diverge ash— . The mth

moment of the trapping distance at arbitrdrys

For narrow layers withh <<D/k, this fraction is
given by

given by
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Fig. 3. Average trapping distance as a function of dimension-
less parametélix/D.

[ K | K
F,(r)= Erl(l[ Er]

In the case of unbounded diffusion in semi-infinite
spaceF,(r) takes the form

(1D

2xr (= X

wDJo x2+(kr/D)? (12

F.(r)= K, (x)dx

The dependencd,(r) is shown in Fig. 4 for
several values ok /D.

3. Concluding remarks

We have derived an expression for the distribu-
tion function of the trapping points for a Brownian
particle diffusing between the partially absorbing
and reflecting surfaces. This problem arises in the
analysis of ligand transport in epithelial layers and
cell culture assays. In both cases, it is important
to determine how far does the ligand travel after
it had been secreted. By analyzing the infinite
series expansions of the distribution functions, we
have identified the domains of applicability of the

225

two limiting regimes. The infinite layer approxi-
mation is accurate foti/D>1. The thin gap
approximation is accurate fdik /D <0.03.

For developing epithelial layers the typical value
of the parameters are: receptor expressioh(’
receptorgcell, a cell area~75 um?, a forward
rate constant ~10°/M min, ligand diffusivity
~10~7 cn?/s and the height of the layer 1 wm.
This leads tohk/D=0.01, which is within the
regime of the applicability of the thin layer approx-
imation. This estimate justifies the analysis of
receptor-mediated epithelial patterning in Refs.
[19,24, which is in fact based on the thin layer
approximation. At the same time, the height of the
medium in a typical cell culture experiment is 2—
3 mm and the cell density is~50% [11,12,2].
Using the same cellular parameters and the diffu-
sivity in free solution~10"% cn¥/s, we gethk/
D>1.5. Hence, ligand trapping in a typical cell
culture assay can be accurately described using the
infinite layer approximation. Both the thin layer
and infinite layer approximations are captured by
simple formulas given in Eq€6) and(8). In the

0
0
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Fig. 4. Fraction of trajectories trapped at distances larger than
r, evaluated at several values of dimensionless parameter
hk/D. The legend shows the curves corresponding to the dif-

ferent parameter values.



226 A.M. Berezhkouskii et al. / Biophysical Chemistry 107 (2004) 221-227

L?gﬁrmeg;?té)r.eglme, one can use the general solu o=k Y (05, ()2 exp(— k2Dr) (A4)
Our analysis can be extended to include the e

effects of additional processes. For example, in . . .

cell culture experiments, the dynamics of secreted where ,(z) are .the corresponding elgenfunctlons

ligands is frequently affected by the addition of a_nd k, are positive roots of_Eq(4). Solving the

antibodies that reversibly bind the ligand, making e|genvalue.problem one derlve_s He) that deter-

it temporarily unavailable for receptor binding MiNesk,. Simultaneously one finds

[21]. This means that a ligand randomly jumps

between the reactive and non-reactive states.[ U, (0)2= 2D%k; (A5)

Ligand receptor binding is just one of the receptor- “"" Dk +h(k*+D%?)

mediated steps that control the spatial range of

secreted ligands. In the future, it will be important - sypstituting this into Eq(A4) one arrives at the

to combine our description of extracellular trans- expression forp,(#) in Eq. (3).

port and receptor binding, with kinetic models of

ligand endocytosis, rec_ycling an_d _degradation, 10 References

develop a comprehensive description of receptor-

mediated transport in tissu¢s—7.
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